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It is shown that the generally accepted statement that one cannot superpose states of different mass 
in non-relativistic quantum mechanics is inconsistent. It is pointed out that the extra phase induced in a 
moving system, which was previously thought to be unphysical, is merely the non-relativistic residue 
of the “twin-paradox” effect. In general, there are phase effects due to proper time differences between 
moving frames that do not vanish non-relativistically. There are also effects due to the equivalence of 
mass and energy in this limit. The remedy is to include both proper time and rest energy non-relativis- 
tically. This means generalizing the meaning of proper time beyond its classical meaning, and introduc­
ing the mass as its conjugate momentum. The result is an uncertainty principle between proper time and 
mass that is very general, and an integral role for both concepts as operators in non-relativistic physics.
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Introduction

It is a generally accepted rule in non-relativistic quan­

tum theory that one cannot coherently superpose parti­

cles of different masses. This rule comes from a demon­

stration by Bargman [1,2] that, if one makes a series of 

transformations to moving coordinate systems, using 

the Galilean transformation, and eventually arrives back 

at the original system, one will have produced a phase 

shift between the components of the wave function rep­

resenting different mass states. However, the argument 

goes, these transformations are unphysical. How can 

merely looking at a wave function from a different co­

ordinate system possibly induce a physically meaning­

ful phase shift that could be detected in an interference 

experiment? In order to eliminate this possibility, one 

imposes the superselection rule that one cannot super­

pose wave functions of different masses.

But there is a very puzzling feature to this result. Rel- 

ativistically one can coherently combine wave func­

tions of different mass states, and the relevant transfor­

mation here is the Lorentz transformation. In the non- 

relativistic limit this reduces to the Galilean transforma­

tion, but the phase shift does not disappear in this limit. 

How can a meaningful relativistic effect that has a non­

zero non-relativistic limit be eliminated by a superselec­

tion rule, and why should it? Shouldn’t instead this non- 

relativistic limit have a physical interpretation?

We show that from another point of view it is neces­

sary to be able to superpose different mass states non- 

relativistically. Then we show that there is indeed a 

physical interpretation to the phase shift described 

above, namely that it is the “twin paradox” effect [3], 

the residue of the different proper times elapsed 

between the original inertial system, and the set of ac­

celerating systems used to describe the particle. So these 

two sets of coordinate systems are not physically equiv­

alent. The amazing thing is that the difference in proper 

times between them produces a residue in the non-rela­

tivistic limit. This is a phase effect and would not be 

seen in classical mechanics, but it shows that there are 

non-relativistic effects due to proper time in quantum 

theory, and a correct treatment of non-relativistic quan­

tum theory must include the concept of proper time, and 

the equivalence of mass and energy. The superselection 

rule prohibiting the superposition of different mass 

states is inconsistent with the non-relativistic limit of 

the Lorentz transformation.

Necessity of Non-Relativistic Mass Superpositions

Consider the case of a particle of mass M at rest in an 

inertial system S decaying into two particles of mass m, 

flying off in opposite directions (along the x axis) at 

speed v. Non-relativistically, since mass is conserved,
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Fig. 1. Decay of a particle into two equal daughter particles,
(a) A particle of mass M  decays into two equal particles of 
mass m, seen from a system S where M is at rest. Non-relativ- 
istically, since mass is conserved, M  = 2m. The internal ener­
gy e supplies the velocity v of the daughters, and e is of order 
( f2/c2), as is the relativistic mass change, (b) The same decay, 
as seen from a system S', moving along the -y axis at speed 
u.
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Fig. 2. Decay of an excited particle into its ground state plus 
a photon, (a) The particle of mass M  decays into one of mass 
m plus a photon. The internal energy e supplies the recoil and 

photon energies. Here, e and the relativistic mass change are 
of order v/c. (b) The same decay, as seen from the system S', 
as before.

one would have (see Figure la).

M = 2m, 

s - mv2. (1)
Here, e is the internal energy of the particle M. Non-rel- 

ativistically, the mass and enery of the particle are con­

served separately. Relativistically,

M = 2 my,

y= (1 - v2/c2)~112, (2a, b, c)

M = 2 m + etc2.

There is no conflict here since relativistically,

M=2m + 0(v2/c2). (3)

Now consider the same decay from a system S', mov­

ing downward along the - y axis at velocity u (see Fig­

ure lb). Here, looking at momentum conservation (non- 

relativistically) along the y axis,

Mu = 2 mu. (4)

This is perfectly consistent with (1). Relativistically, us

ing = (x, y, z, ict),
(5)

'1 0 0 0 ' ~vyv' vYv
0 Yu 0 - iyuu/c 0 uYuYv
0 0 1 0 0 0

_0 iyuu/c 0 Yu . . icYv. .icYuYv.

and momentum and energy conservation in the y direc­

tion gives

Muyu = 2 muyuyv,

Mcyu = 2mcyuyv. (6a, b)

Numerically, both of these give the same information as 

(2a, b, c). However, (6a) says that what looked like en­

ergy in the rest system S (in (2a)), looks like inertial 

mass in the moving system S', and is essentially one of 

Einstein’s early derivations of, and is the true meaning 

of, the equivalence of mass and energy. Again, because 

of (3), there are no surprises here.

However, the situation is very different if one consid­

ers M to be the mass of an atom in an excited state, and 

it decays to its ground state with mass m, emitting a pho­

ton of frequency co (see Figure 2a). Classically, photons 

do not exist, but this is a situation that one frequently 

treats non-relativistically in quantum mechanics. In this 

case, non-relativistic momentum conservation along the 

^-direction in the S system gives

mv = hk. (7)

In the S' system momentum conservation in the y direc­

tion gives (see Figure 2b)

Mu = mu + hku/c, (8)

because both particle and the photon carry momentum 

in the y direction. But this gives the relation

M = m + hco/c2, (9)

which, together with (7), gives

M = m (1 + v/c), (10)

a first order vie effect, in direct contrast to (3). So even 

non-relativistically, one cannot ignore the increase in 

mass, as well as in energy, of the excited state.
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Relativistically, (5) gives for the photon, (11)
'1 0 0 0 ' ’ k ' ~ k '

0 Yu 0 - iyuulc 0 kuyu / c

0 0 1 0 0 0

0 iyuu/c 0 Yu ico/c icoyu / c

and relativistic jc-momentum and energy conservation in 

the system S becomes 

mvyv = fik,

Me = mcyv + fico/c, (12)

while in the S' system, y-mo men turn and energy become

Muyu - muyuyv + Tikuyjc,

Mcyu = mcyuyv + Ticuyjc. (13)

Here it is very clear that energy in the S system becomes 

inertial mass in the S' system, and that the increase of 

mass in the excited state is necessary for the consisten­

cy of the theory. Non-relativistically, (12) reduces to (9).

Quantum mechanically there are many situations 

where one has coherent combinations of the excited and 

ground state, which are generally thought of as superpo­

sitions of different energy states. But it is clear that for 

the non-relativistic Galilean transformation to be con­

sistent with the Lorentz transformation, they must also 

be considered as superpositions of different mass states.

The Quantum-Mechanical Galilean Transformation

The Galilean transformation represents the transfor­

mation to a system moving at constant velocity. One can 

get extra insight into the workings of the Galilean trans­

formation by examining the “extended” Galilean trans­

formation to a rigid system having an arbitrary time-de­

pendent acceleration. The extended Galilean transfor­

mation [4] is given by

r '= »■-§( f), 

t' = t.

This leads to 

V = V',

iL = JL  -p-v' 
dt dt'

(14)

(15)

which, when applied to the Schrödinger equation yields

2m
V2xp = ih^-^>  

dt

h (16)

Here we have replaced t’ by t. One can eliminate the un 

wanted Vip term by the substitution

ip(r, t) = eiJ{r,t) (p(r', t). (17)

Then,

V'ip = (V'ip + iV'f) eif,

V'2ip = {V'2ip + 2iV'f- V'(p+(pV'2f  

+ <p(V'f)2)e‘f,

i>= (f)+ if<p) eif, 

and the Schrödinger equation becomes

n 2

(18)

2 m
(V,z(p + 2 iV'f-V'(p+ i(pV f  - (V 'fY  <p)

= ifi [(<p + if(p) -g.(V'(p + i(pv' f )]. (19)

One can choose/such as to eliminate the terms in V'(p,

which gives f =  — %-r'+ g(t). Then one can choose 
n

g{t) such as to eliminate the purely time-dependent 

terms, and one finally arrives at 

, = * (

2m
V'2(p + mf; ■ r'(p = ih(p,

ipir, t) = e—  ah J(pir',t). (20)

This form of the Schrödinger equation shows that in 

the accelerated system there appears a gravitational 

field, and so this is the expression of the strong equiv­

alence principle in quantum theory. However, it can also 

be used to show another facet of the Galilean transfor­

mation, because the phase factor has a strong physical 

interpretation.

Assume that there exists a superposition of two dif­

ferent masses, m1 and m2, so that the wave function can 

be written in an inertial system S as

ip = %  (ml5 r, t) + ip2im2, r, t). (21)

Then assume that one can describe the same superposi­

tion in an accelerating system S' that obeys (14), with 

§=  £(r), £(0) = £(7) = 0, so that the system S' per­
forms a closed circuit and coincides with the system 

the S at times t = 0 and t=T, such that r’ iT) = r(7). 

However, according to (20) one can write in S, where
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(22)

while in S':

/«L jj’d, i ”L\̂ d, 
tys' = e 2h" <p, + e 2*<’ (p2

= e

Am = m\- m2.

(V\ + e

Am ; ̂ 2d/

2* ° <P2),

(23)

At the time Tand beyond, S and S' are the same system. 

One has made a transformation to an accelerating 

system, which has returned to the original system at 

time T. Thus one has described the same physical 

system, ip, in two different coordinate systems, and yet 

the second system has induced a relative phase shift 

between the two components <p, and cp2, relative to the 

first system. This phase shift would be detectable in an 

interference experiment, but it has no physical signifi­

cance, merely relating to how one would describe the 

same state in a different coordinate system.

Bargmann introduced the way around this dilemma, 

that has been used ever since, namely to require that 

Am = 0. Thus, in order to eliminate the unphysical 

phase shift, one places a superselection rule on the 

system and requires that particles of different masses 

cannot be superposed in non-relativistic quantum me­

chanics. (Bargmann actually performed a series of 

translations and ordinary constant velocity Galilean 

transformations, but we shall show in the appendix that 

our subsequent argument holds in that case also.)

celerated, while one could give no answer in classical 

physics, this is not true in special relativity. There, one 

would say that the system for which less time had 

elapsed is the system that has been accelerated. And in 

fact, in relativistic quantum mechanics the generaliza­

tion of the Galilean transformation is the Lorentz trans­

formation, and relativistically one can superpose different 

masses. The effect is real, and it leaves a residue in the 

non-relativistic limit. And in fact, the difference in proper 

times between the two coordinate systems, S and S', is

T1- T 2 = t - ( J l- g 2/c2 d/ —> —i y  j  £ 2 dt (24)
2c

in the non-relativistic limit.

The space-time phase factor of a plane wave to an ob­

server moving with the particle

, . mc2y 
k r- (o t  = --- -v t---- L t

_ mvyt 

h h

mc2y _ _ me2x
(25)

fiy2 h

is an invariant and holds for arbitrary motion. In the 

systems S and S' we have

ips = e~im' c2r'/h (pi + e~im2 c2r,/V 2

_  g-im  1 c T\!h iAmc t 1 / h
(Pi)

= e-im'c " ,t‘ ((pl + (p'2),

ips, = e-mc2x2ih <pi + r /«2c!n /» ^

= e-imxc2T2lh (<P]+(?,W t 2/ ^ 2)

=  e - im ,c2r2lh  ^  + e -iAmc2AT/h(f)^  (2 6 )

The Inconsistency of the Superselection Rule

We believe that the above solution, that masses can­

not be superposed non-relativistically, is inconsistent 

with the principles of quantum mechanics and relativity. 

Not only does it contradict the result we previously ar­

rived at, but it does so for a very definite reason. It is just 

not true that the difference between the two systems S 

and S' in the previous section is unphysical. In fact, if 

one were attached to the system S' while it underwent its 

acceleration, one’s clocks would be running at a differ­

ent rate than those in the system S, and when one arrived 

back in S at time T, less time would have passed in the 

system S' than in the system S. This effect is indeed just 

the standard twin paradox of special relativity. If one 

closed one’s eyes at time t = 0, and opened them at time 

T, and were asked which system is the one that had ac-

where <p2 = e,Amc r|//i<p2, and we see that the extra 
phase shift in the non-relativistic limit is

/Aw

in I f  d/
(27)

which agrees with that of (23).

Relativistically, the phase factor e~mc2r/n is of course 

an invariant under a Lorentz transformation, but in de­

riving the non-relativistic Schrödinger equation this in­

variance is destroyed by factoring out the time depen­

dence e~mc2tlhm The phase that remains, and which shows 

up explicitly in the Galilean transformation, is 

e~mc This phase, which is independent of c, and

which therefore shows up in the non-relativistic limit, is 

a real effect, and it leads to the phase of (23). The prob­

lem is that although real, it is uninterpretable in the non- 

relativistic limit, where proper time is not recognized.
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The standard answer has been to eliminate this phase ef­

fect by fiat, with the creation of a superselection rule, 

disallowing the appearance of superposition of differing 

masses. But this is inconsistent because these superpo­

sitions do occur relativistically, and they do cause meas­

urable phase shifts which persist in the non-relativistic 

limit. There is no point, or validity, in trying to elimi­

nate the phase shift non-relativistically, because it is real 

and has a physical interpretation.

In classical physics this type of problem doesn’t come 

up, as it is a phase problem, but in quantum mechanics 

we have this non-local integral over all past times that 

keeps track of the proper time difference, and it is not 

legitimate to ignore it, or to legislate it away, since in 

fact it can produce real interference effects. The correct 
way around this problem is to concede that quantum- 

mechanically we must keep track of rest-mass and prop­

er time differences when they appear as non-vanishing 

phases in the non-relativistic limit and learn to incorpo­

rate them into the theory.

It should not come as such a surprise that there are re­

sidual phase shifts due to proper time that persist in the 

non-relativistic limit, since the non-relativistic Lagran- 

gian itself is the residuum of such a relativistic effect. In 

the non-relativistic limit we have

- me2 (dr - dr) = - me2 djtv - drj

goo ~
dx‘

d r
- 1 d r

\ + J  * 2 1 1 dr

—» (- me2 + ~ mv2 - m(p + me2) dr 

-*(T-V) dt = Ldt. (28)

These are the effects that contribute to the non-relativ­

istic Feynman path integral, and in special circumstanc­

es can cause other quantum residual effects.

Proper Time as a Physical Variable and Operator

One is normally used to interpreting proper time kin­

ematically as t  =  / ( 1 -  v2/e2)l/2 dt along the trajectory 

of the particle. However this is clearly a classical inter­

pretation, as it presumes a particular trajectory for the 

particle, an idea inconsistent with quantum mechanics. 

What one needs is an operator r that can be interpreted 

at every point (*, r) in configuration space. And just as

it is only in the classical limit that x defines a trajecto­

ry, by virtue of an equation of motion, given by 
Hamilton’s equations

v = dx = dH dp = dH 

dt dp dt dx
(29)

where p is the momentum conjugate to x, so too the for­

malism should be able to extend itself such that the 

same thing happens with the proper time. It turns out 

that this extension is very natural [5], The mass (times 

c2) is the conjugate momentum to the proper time, and 

the Hamiltonian then becomes H = H (x, p\ r, m). The 

extra equations of motion are then

dr

dr

1 dH

c2 dm

,2 dm 

dr

dH

dr
(30)

As an example, for a free particle the Hamiltonian 

and equations of motion would be

H = p2 c2 +m2 c4 = E,

y _ dH _ p 

dp E 

dp _ dm _  q. 

dr dr

dr

dr

1 dH

c2 dm

me

p = mv/-\J(\ — v2 / e2), 

£  = mc2/V ( l- v 2 /c2),

^  = Vd-v2/c2), 
dr

(31)

where the last three lines come from inverting the equa­

tion for v = v(p). Ones see here that the equation for Tit) 

appears as an equation of motion and is no longer a kin­

ematic identity. The Hamiltonian formalism also pro­

vides the operator definition of m, which is parallel to 

that of p, namely

£ J L
i dx

I A 1  

c2 i dr
(32)

How can one quantum-mechanically interpret r as an 

operator? The Galilean transformation provides the key 

to how this should be done. From (20) one has

ip (x, r) = eim̂ Jr'+?  Atl2)lh (p (r\ r' = t), 

dr = dr-^dr, 

rp ( * ,  r) =  e 'm (?  dr- i 2df/2)/Ä <p(r ' ,T )

=  e[(i d r- i2 d//2)/c2 ]9/3r ^  t )

= (p( r',z+ \ (£; ■ dr - £2 dt/2)\ (33)
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Here we have interpreted the time passed in the acceler­

ated frame as the proper time, measured in that frame. 

The time t is the laboratory time. Also, we have used the 

fact that the mass operator acts as a translation operator 

in r. One then sees that this is merely the Lorentz trans­

formation expressing itself non-relativistically,

dr = 7 1 (d f- g d r /c 2)-Ji-s2/c2
—^ d t  + ( i 2d t/2 - £d r)/c 2. (34)

This yields the interpretation of r. If the particle is lo­

cated at some point (rb f,) at some time tx, say by pass­

ing through a slit, and a counter is placed at (r2, t2, |), 

moving with velocity £, then the proper time passage is 

given by (34), where dr= r2- rh and dt = t2 -t\. By al­

tering the velocity £, one can alter the value of dr, and 

thus one has control over the value of r, and it can be 

defined at any r and t, and not just over a classical tra­

jectory. One can define it along the trajectory of the par­

ticle by locating the counter on the trajectory, moving 

with the velocity of the particle. Thus dr = §dt, where 

| = v, the velocity of the particle. Similarly, if the coun­

ter is at rest, as is usually the case, then one has r = t, 

and there is no information to be gained from consider­

ation of the proper time. But in general one can define 

it along any path.

The Mass as a Physical Variable and Operator

If one thinks of the mass as an operator, as given by

(32), then the Klein-Gordon equation for a free particle 

in one dimension becomes

1 d xp + d2 xp _ _j_ d2 xp _

' 2 d r2 dx2 c2 dt2
(35)

c d T dx c 

One can change the variables to t' and u, given by

t' - t, u = T-t, (36)

and the derivatives take the form

j L = j L j L = j L _ j L
dx du dt dt' du 

Then the Klein-Gordon equation becomes

(37)

c2 du2 dx2 c2 l  dt du

_  d2 ip l d2 xj) 2 d2 xp

In order to approach the non-relativistic limit, write

xp = e,(mc2,h)u(p (39)

and drop the second time derivative term, which is 

down by (v2/c2). Then <p obeys the non-relativistic 

Schrödinger equation

ft2 d2<P = i n d(P
2  m dx2 dt

(40)

dx2 c2 dt2 c2 dt du
=  0. (38)

For a detector at rest, the solution is the standard one, as 

the phase factor in u disappears. But for a moving de­

tector, the extra phase can have the same order of mag­

nitude as the phase of the solution <p. The extra phase 

factor in u corresponds to the e “zitterbewegung” 

term factored out in the conventional solution. So in our 

case there is essentially no relativistic zitterbewegung, 

but there can be a non-relativistic residue, not there in 

the usual theory. This answers a problem that has always 

bothered me, namely how it is possible that the very 

rapidly oscillating zitterbewegung, which completely 

dominates the non-relativistic contribution, could per­

fectly cancel out, even for widely separated components 

of the wave function.

Relativistically, the plane wave function solution of 

(35) is

-  £ e i(mc2T/h+kx- wt)^

where k and (o have their relativistic values. For a detec­

tor moving along with the particle, the phase factor is 

equal to 0. Note that the mass in this equation does not 

have to be the rest mass of the particle because of the 

freedom given by the Klein-Gordon equation (35), 

where the mass is an operator. We shall see in the next 

section that it can contain contributions from binding 

energies and energy uncertainties.

Just as the phase factor in k and x gives rise to the un­

certainly principle in p and x, so in the non-relativistic 

limit the phase factor in (39) gives rise to an uncertainty 

principle between u- i- t, and m, of the form

c2Am • Au > ti/2. (42)

There are many examples of this uncertainty relation 

[6 , 7], and it is very general. If one wants to measure the 

mass of a particle to within Am, then the proper time on 

a clock sitting on the particle will be unknown to with­

in Am.

In order to impart the flavor of this relation, we will 

consider just one example. Imagine a charged particle, 

whose velocity v0 is accurately known, passes through 

a slit of width d, beyond which is an electric field per-
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d l
v0

E

Fig. 3. The mass-proper time uncertainty relation: A particle 
of mass m, with speed v0, passes through a slit of width d and 
is deflected by an electric field perpendicular to its initial mo­
tion. It travels a time T = L/vn, and is displaced by a distance 
x. A measurement of x will give the value of m. A clock sitting 
on the particle will give the passage of its proper time t . But 
the spread in transverse velocity due to diffraction at the inci­
dent slit prevents an accurate measure of r, even if T is known 
accurately. This spread in r is correlated through v0 with the 
uncertainty in x, and therefore with that in m.

pendicular to the path of the particle (see Figure 3). The 

particle is collected on a screen a distance L away, and its 

mass is to be determined by its total deflection x. We have

eE 2 rri Am Ax ^ dx = -- 7 , m = ---T , ---= -- > —.(43)
2 m 2 x m x x

Here we assume that T = LlvQ can be accurately meas­

ured, and that the irreducible error in x is the size of the 

slit, as we cannot know where within the slit the parti­

cle passed.

The passage of proper time along the path of the par­
ticle is given by

u = t - T = - f  
2 J

dr. (44)

Even if T is known very accurately, v is affected by the 

angular spread of the particle as it passes through the 

slit. We have

eE
vx =v0x+at, a  = — , 

m

m = ̂ t J [ v o  +(v0jc + ar)2]dr,
2 <r J

Au ~ ~ y  J^ Avqx at dt =
Avar aT xAvi0̂x

2 c:
Ox (45)

Here we have used the fact that the largest error in u will 

be induced by the cross term in vx, since (v0x) = 0.

For a small angle of diffraction

A v q x = v0 0 = v0 A/d-vQh! pd - h i md, 

xAv0x xh
Au =

c2 Am • Au~c2 md

x

c2md 

/ xh

c2 md
= h. (46)

In this example, the m, u uncertainty relation has been 

reduced to the px,x uncertainty relation, and in general 
this kind of phenomenon happens. So even if the time 

in the laboratory can be measured very accurately, the 

time passed on a clock moving with the particle cannot.

The Quantum-Mechanical Meaning of Mass

There is one further very important point that is 

brought out by this example, as well as many other ex­

amples, and that is that relativistically, and quantum- 

mechanically, the mass of a particle is not the rest mass 

of the free particle. So even if one knows, say, that the 

particle is a proton, one cannot say that Am = 0. This 

may be true classically, but quantum mechanically it is 

not. The mass is defined as the energy of the particle in 

the rest system, and quantum mechanically this gener­

ally includes an uncertainty in the energy. If the particle 

or system is moving, we can say that the mass is the en­

ergy in the barycentric system, that is the system with 

zero momentum. This definition includes any binding 

energy the particle may have, or any spread in energy. 

So the rest energy of the particle may be called the 

“nominal” mass, but the inertial mass of the system, as 

we saw earlier, includes these other internal energies 

and energy uncertainties.

For a particle, or a system of particles, we can write

P = VE/c2, (47)

where the bars indicate expectation values. The symbol 

V defines the average velocity of the system. One can 

use this equation to define a velocity operator, V^, from 

the equation

i cz dt

Vv 'P = c21& - an <Pn NR
-> C

m0

(48)

where ip = ̂ a n(pn(r) e lEntlh, an expansion in the 

simultaneous eigenfunctions of P and E (defined by the 

time derivative, and not the Hamiltonian operator.) 

Then the mass operator can be defined as the energy in 

the barycentric system, P% = 0, from a Lorentz transfor­
mation,

P’ = Pb =Yv (.P-V E Ic2), </>b> = 0 ,

E' = Eß = Mop =Yy (E - VP), (£„> = « .

M = V U V TZ ? £ .  (49)
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Fig. 4. The mass o f a photon: A  non-collinear two-photon 

system has a barycentric system traveling with a speed less 

than c, and in this system, the energy is the rest energy o f the 

system, and therefore its mass. Similarly, if  this were a one 

photon system, with equal amplitudes for being in either o f the 

two photon states, its momentum, energy expectation values 

w ill behave in the same way, and act like a massive particle, 

even though each o f its component amplitudes has zero mass.

These equations can give surprising results. For ex­

ample it is well known that a two-photon system, where 

the two photons are not collinear, has a barycentric 

system. Take the two photons in Fig. 4, where the pho­

tons each have the same co, but are separated by an an­

gle 20. This system has a total momentum P = 

2khkcos0, and energy E = 2hw. Therefore the mass 

and velocity are, Me2 = 2ha)s\n0, V = ccosO. However 

quantum-mechanically, for a single photon, whose wave 

function consists of a linear superposition of equal 

amounts of these two amplitudes, the result is exactly 

the same (without the factor of 2). This is true even 

though each separate amplitude has mass 0. This is be­

cause, if an ensemble of such photons struck a wall and 

were absorbed, while each separate hit would act like a 

massless particle, the expectation value would act the 

same as though the wall were struck by a massive par­

ticle of mass M.

Thus, in keeping with the spirit of relativity and quan­

tum mechanics, the mass is the inertial mass of the 

system and includes all internal energies, such as bind­

ing energies, as well as uncertainties in the energy in the 

rest system [8], This latter is a problem that doesn’t 

show up classically, but the inclusion of such energy un­

certainties is necessary for the consistency of the theo­

ry, and so quantum mechanically one cannot merely 

take the mass as m0, the free particle rest mass. Indeed, 

it would be inconsistent to do so.

Conclusion

We have shown that the superselection rule that mass­

es cannot be coherently combined is inconsistent, and 

that there are situations in which the concepts of proper 

time and rest mass enter in the non-relativistic limit. 

This in turn clears up another controversy that has raged 

almost since the beginning of quantum mechanics, for

many people have used rest mass and proper time in 

non-relativistic arguments, and they have often been 

taken to task that it was inconsistent to do so. Probably 

the most famous case occurred in Bohr’s refutation [9] 

of Einstein’s argument that the weighing of a box of 

photons violates the AE ■ At uncertainty principle. But 

we have seen that these concepts do enter non-relativis­

tically, and in some circumstances are required to do so. 

And while it is probably true that the injudicious use of 

these ideas can cause problems [8], it is also true that 

they do and should play a role quantum mechanically in 

the non-relativistic limit.

Another point that ought to be made is that the very 

idea of a wave function containing a superposition of 

different mass states implies that the mass is the eigen­

value of some operator. We believe that the moral is that 

the mass and proper time should be treaters as operators 

in quantum mechanics, an idea that has far-reaching im­

plications.
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Appendix: Bargmann’s Original Proof

In his original proof, Bargmann [1] used translations 

and the standard Galilean transformation (for constant 

velocities), rather than the extended transformation, 

making a series of transformations from the system S, 

ending back at the original system. The series of trans­

formations he used were from S to S1; by making a 

translation by a; to S2, by making a boost to velocity v, 

to S3, by making another translation by - a\ and finally 

to S4 = S, by making another boost by velocity - v, end­

ing up in the original system. Non-relativistically, the 

times were not affected by these transformations, but 

spatially,

r{ = r-a, r2 = rx- vt, r3 = r2 + a,

r4 = ri + vt = r. (Al)

The translations follow the simple rule

f  i(ri) = V'W. V^fo) = V^fo), (A2)

while the boosts follow (20), with £=±vt. Thus

/ — (±v• r'+v2 i l l )

ip(r) = e h ip' (/•')

/ — (±v(r±vf)+ v2 t l 2)

= e * 1P'(r'),

i — (± v ■ r-v2 t l 2)

\p'{r') = e h ipir), (A3)
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and so

-/ — ( - v r ,- v 2 f/2)

M  = e h ipT, (a*3),

il>3 (r3) = ip2 (r2),

- i — (v ■ r\ - v2 tl2 )

(r2) = e h Tp\ (/j),

iplin ) = il’ (r), (A4)

implying

- i m (v a)
^ 4 (̂ 4 ) = ̂  h V(r). (A5)

This in turn imparts to the original wave function of

(20), consisting of a superposition of two masses,

tp(t = 0) = r, 0) + ipn(m2, r, 0), (A6)

the extra phase shift

. Wi , . . m2 , .
t —'-(va) i-r-(va) , A 7 >.

ip(T) = e h ip/(r)+e h ipu(r)  ̂ '

/' — (vci) -i^-(va)
= e h (i///(r)+<? Ä if>n (r)),

rather than the phase shift of our transformation, (23). 

However in this case also, this phase shift is just that due 

to the difference in proper time elapsed between the two 

systems, exactly as in our case. To see this note the

transformations relativistically, 

f\ = r-a, t] = t,

r2 = Y(ri - vtx), t2 = y(r, - vr^c2), 

r3 = r2 + a, = t2,

>4 = 7(^3 + vtj), t4 = y(t3 + vr3/c2)-, 

y = (1 - v2/c2) '1/2. (A8)

This gives, in the non-relativistic limit,

x4=x + (y-\)a- -NR->x,

t4=t + yva/c2—— -> t + va/c2. (A9)

Thus the phase factor of (A7), like that of (26), is just 
e~iAmc2AT/h' jt js cjear t^at jn this case the proper time 

difference is due primarily to the lack of simultaneity 

between the points r and r- a. But, as in the case con­

sidered earlier, this causes a phase shift that does not 

disappear, and is independent of c, in the non-relativis- 

tic limit. Thus here too, the two coordinate systems, the 

inertial system S and the accelerated system, are not 

physically equivalent in that there is a proper time dif­

ference between them, a twin-paradox effect, that leaves 

a non-relativistic residue which is measured by the 

above phase factor. And so here again, the phase shift is 

of a physical origin and there is no legitimate reason to 

apply the superselection rule on mass.
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